Let A be a unital C*-algebra with unitary group G. Give G the relative (Banach space) weak topology. Then G is a topological group, and we show that A is nuclear if and only if there exists a left invariant mean on the space of right uniformly continuous, bounded, complex-valued functions on G.
Nuclear C*-algebras and injective von Neumann algebras are of fundamental importance in operator algebra theory. The two classes of algebras are related through the remarkable result (of Choi-Effros and Connes): a C*-algebra A is nuclear if and only if A** is an injective von Neumann algebra.
From the work of Haagerup [3] , nuclearity is the same as amenability (in the Banach algebra sense) for C*-algebras. Further, from the deep work of Connes and others, it is known that injectivity, Property P, hyperfiniteness and amenability are all equivalent for a von Neumann algebra M.
The relationship between injectivity and classical amenability for topological groups is established in a result of de la Harpe [4] discussed below. We note here that Haagerup in [3] proves that the injectivity of M is equivalent to the existence of a left invariant mean on a certain space of functions on the isometry semigroup of M. The author plans to discuss the relationship between the invariant mean results of Haagerup and de la Harpe in a future paper.
We recall some notions from topological group theory. A fundamental system of entourages for the right uniformity on a topological group G is given by sets of the form {ix,y)£GxG:yx-x£V}, where F is a neighborhood of the identity e in G. Let RUC( (7) Let M be a von Neumann algebra realized on a Hilbert space K. Let H be the unitary group of M with the ultraweak topology. Now on H, the latter topology coincides with both the weak operator and strong operator topologies on H. Since the involution is weak operator continuous and multiplication is strong operator continuous on H, it follows that H is a topological group, (de la Harpe uses the strong operator topology in [4] , but it is important for our purposes that the (intrinsic) ultraweak topology be used.)
Haagerup [3] notes that the separability condition of [4] is not essential. We now come to our characterization of nuclearity. Theorem 2. Let A be a unital C*-algebra with unitary group G,and give G the relative weak topology ias a subset of the Banach space A). Then G is a topological group, and A is nuclear if and only if there exists a left invariant mean on RUC(C7).
Proof. Regard A c A**. Then A** is a von Neumann algebra and its unitary group H is a topological group in the ultraweak topology. Further, since the weak topology on A coincides with the relative ultraweak topology, it follows that the topology on G is the relative topology inherited from H. Also, G is dense in H [6, (2.3.3) ], and A is nuclear if and only if A** is injective. The results now follows using Theorem 1 and the proposition. D Corollary 1. The following statements are equivalent for a unital C*-algebra with unitary group G.
(1) A is nuclear.
(2) If K is a nonempty compact, convex subset of a locally convex space and G has an affine left action on K, which is jointly continuous, then there is a G-fixed point in K.
Proof. Use the fixed-point theorem [5, (2.23) ]. D
